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Efficient Sensitivity Analysis for Rotary-Wing
Aeromechanical Problems

Anne Marie Spence* and Roberta Celi1^
University of Maryland, College Park, Maryland 20742

This paper describes a method for the calculation of the sensitivities of rotating blade root loads and hub loads
to changes of blade design parameters using a chain rule differentiation approach. The algorithm exploits features
of the formulation of the blade and fuselage equations of motion, and of the solution technique, to calculate the
sensitivities at a fraction of the cost of an aeroelastic analysis. The mathematical model of the blade includes
nonlinearities because of moderately large elastic deflections and the fuselage is described by nonlinear Euler
equations, so that the resulting model is valid for both straight and turning flight. The results indicate that the
semianalytical technique is very accurate and computationally efficient.
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Greek Symbols

Nomenclature
= aerodynamic contributions to the blade equations
= number of blades
: matrix of derivatives of blade and fuselage
equations with respect to states

: derivative vectors and matrices
: flap and lag bending stiffnesses
= rotating blade inertia forces
= inertia contributions to the blade equations
: length of the ith blade finite element
: rotating blade inertia moments
: blade mass per unit length
= number of finite elements used to model the blade
: vector of nodal inertia loads for the ith element
: vector of inertia loads for the wth blade
= vector of nodal structural loads for the ith
element

= generic design parameter
= fuselage roll, pitch, and yaw rates
: distributed blade inertia forces and moments
: distributed blade structural forces and moments
= components of/?/ along rotating undeformed
blade axes

= components of ps along rotating undeformed
blade axes

= vector of states
= components of #/ along rotating undeformed

blade axes
= components of qs along rotating undeformed

blade axes
= structural contributions to blade equations
= fuselage velocity components
= nondimensional spanwise coordinate
= chordwise offset of center of mass from the

elastic axis

: angles of attack and sideslip
: precone angle
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7, 77, {/) = Hermitian interpolation polynomials
0,0 = fuselage pitch and roll angles
0o» QIC, &is = collective, lateral, and longitudinal cyclic pitch
OB = built-in blade twist
OG = total geometric pitch angle
X = steady inflow
\JL = advance ratio
3>, = normal mode matrix for the ith element

Subscripts and Superscripts

n
R
( ), x
(*)

= fuselage quantity
= element number index
= rotor mode number index
= quasilinearization iteration index
= blade number index
= harmonic number index
= rotor quantity
= derivative with respect to spanwise coordinate

Introduction and Problem Statement

IN the last decade there has been an increasing interest in the
application of formal numerical optimization techniques to var-

ious aspects of helicopter design. A considerable portion of the
work in this area has been devoted to the optimization of main ro-
tor blades for minimum vibratory loads, with a variety of behavior
constraints such as frequency placement, aeroelastic stability, and
performance. A comprehensive review of this work has been pre-
sented by Friedmann.1

The applications of numerical optimization to rotor design prob-
lems follow two basic approaches, namely 1) to leave unchanged
the analysis used to calculate the behavior quantities of interest, or
2) to modify it so that not only the required behavior quantities, but
also their sensitivities, or gradients, with respect to a set of design
variables are calculated as an integral part of the analysis (design-
oriented analysis).

The first approach is by far the most common, because it allows
the use of existing analyses, which are often implemented in com-
puter programs that have evolved over a long period of time and
that are costly and impractical to modify. Following this approach,
the basic analysis is coupled with the optimizer, either directly or
indirectly, through an approximate problem generator. In the for-
mer case the optimization program calls the analysis program every
time an evaluation of objective function and behavior constraints is
required to select a search direction or perform a one-dimensional
minimization along the search direction. When gradients are needed
they are calculated by repeatedly calling the analysis program and
using finite difference approximations. In the case of indirect cou-
pling, the optimizer performs the various calculations on simple,

2337



2338 SPENCE AND CELI: ROTARY-WING AEROMECHANICAL PROBLEMS

frequently updated approximations to the objective function and
behavior constraints, which are typically linear polynomials ob-
tained through truncated Taylor series expansions in terms of the
design variables about the current design. A direct coupling of anal-
ysis and optimizer is prohibitively expensive for most rotorcraft de-
sign problems of practical complexity. The conversion to a sequence
of approximate optimization problems is much more efficient, but
can still be very costly because the derivative information required
to build each approximate problem is generally obtained using fi-
nite difference approximations, and therefore requires a minimum
of one additional analysis per design variable if only first-order sen-
sitivities are used. A relatively large number of studies based on
this approach have been published in the literature; Ref. 2 contains
several representative articles.

The second approach consists of coupling with the optimizer,
either directly or through an approximate problem generator, a
design-oriented analysis which provides both behavior quantities
and sensitivity information. This approach usually requires exten-
sive modifications to the existing basic analyses and therefore it has
been less popular in rotary-wing applications. Furthermore, portions
of the derivations and of the coding may have to be repeated when a
new design variable is identified. On the other hand, it results in far
more efficient computer implementations because it is often possi-
ble to calculate the gradient of the behavior quantities with respect
to each design variable for an additional cost that is only a small
fraction of the cost of one analysis. This is accomplished by deriv-
ing analytic or semianalytic expressions for the sensitivities using
chain rule differentiation, and appropriately reusing the results of
intermediate steps already performed in the calculation of the basic
behavior quantities. Only a very limited number of studies on this
topic have appeared in the literature. The first design-oriented ro-
tor aeroelastic analysis is due to Lim and Chopra,3"5 who derived
expressions for the sensitivity of hub loads and aeroelastic stability
eigenvalues with respect to several blade design parameters. The
blade equations of motion are formulated from Hamilton's princi-
ple in weak form, and are discretized using a finite element method
both in space and time. The majority of the sensitivity calculations
are carried out analytically. Lu and Murthy6 present an alternative
method for the calculation of analytic sensitivities of the stability
eigenvalues with respect to a variety of blade and helicopter config-
uration parameters, and use it with a simplified rigid blade, coupled
rotor-fuselage model. Another design-oriented analysis is presented
by He and Peters,7 in which sensitivities are provided for power re-
quired and vibratory hub loads. An interesting feature of this study is
the derivation of analytic sensitivities of the rotor down wash, based
on a finite state dynamic wake model.

In Refs. 8 and 9 an implicit or numerical formulation of the equa-
tions of motion has been proposed as a tool to build aeromechanical
analyses that are easier to implement and modify than traditional
ones. In this formulation the various algebraic expressions that make
up the mathematical model are not expanded symbolically, but are
assembled numerically as part of the solution process. The gen-
eral objective of this paper is to propose this numerical formulation
as a useful tool to build computationally efficient, design-oriented
aeromechanical stability and response analyses for use in optimiza-
tion applications. The specific objective of this paper is to describe
a methodology for the calculation of sensitivities of the following
behavior quantities: 1) loads at the blade root (defined in the blade
rotating coordinate system), 2) loads at the hub (defined in the hub
nonrotating coordinate system), and 3) modal load vectors which are
the structural, inertia, and aerodynamic load vectors of the finite ele-
ment rotor model, following a modal coordinate transformation and
assembly. They represent a basic building block for the calculation
of the sensitivity of the aeroelastic stability eigenvalues.

The resulting design-oriented analysis can describe the coupled
rotor-fuselage-inflow trim and dynamics of an articulated or hinge-
less rotor configuration in straight flight or during steady turns.

Analysis Method
The coupled rotor/fuselage aeromechanic model used in this pa-

per is described in Ref. 10 and only a brief description is pro-
vided here. The rotor blades are modeled as Bernoulli-Euler beams

undergoing coupled flap-lag-torsional motion. Small strains and
moderate elastic deflections are assumed, introducing nonlinearities
in the equations of motion of the blade. A Drees-type inflow model is
used. Although the model includes quasisteady stall and compress-
ibility effects, the results presented in this paper are obtained using
linear aerodynamics only. The nonlinear, partial differential equa-
tions of motion of the blade are discretized using a finite element
formulation based on the Galerkin method of weighted residuals.
The finite elements are assembled into a global model after a modal
coordinate transformation is used to reduce the number of variables.

The implicit approach presented in Refs. 8 and 9 provides the
formulation for the equations of motion of the blade. This approach
eliminates the need for complex algebraic expansions of the various
components of the nonlinear dynamic model of the blade by building
all of the various portions of the finite element equations of motion
numerically as part of the solution process.

The solution of the aeromechanic stability problem is comprised
of two steps. In the first step, the trim state of the helicopter and
the steady blade response are calculated. This provides the control
settings and fuselage attitudes and rates for a given steady flight
condition as well as the steady-state elastic deflections of the blade
which represents the periodic equilibrium position of the blade. A
brief summary of the trim procedure is presented here; details are
given in Ref. 11. The determination of the trim state of the helicopter
is accomplished by the simultaneous solution of two coupled sets
of nonlinear algebraic equations.

The first set of equations describes the steady-state behavior of
the rotor, and is obtained by transforming the nonlinear ordinary
differential equations of motion of the blade into a set of nonlinear
algebraic equations using a global Galerkin method. The second
set of equations comprises the fuselage equations, including the six
fuselage force and moment equations, the Euler rate equations, and
certain kinematic relations that must be satisfied in a turn. A straight
flight condition can be treated as a special type of turn with a turn
rate of zero. For a given flight condition, the solution of the trim
problem yields the steady-state values of main rotor and tail rotor
pitch controls, fuselage angle of attack a and sideslip fi, average
inflow over the main and the tail rotor disks, fuselage pitch and roll
attitude angles 0 and 0, and roll, pitch, and yaw rates /?, q, and
r. The trim solution also provides the steady-state periodic motion
of the blades in flap, lag, and torsion in the form of a truncated
Fourier series. These quantities define the equilibrium position of
the helicopter, and are provided to the aeromechanic stability portion
of the analysis.

The second step in the solution of the aeromechanic stability prob-
lem is the evaluation of the coupled rotor-fuselage aeromechanic
stability. In this step, the equations of motion of the coupled rotor-
fuselage system are linearized about an equilibrium position and
the stability of the resulting linear system with periodic coefficients
is evaluated using Floquet theory. In this phase, quasilinearization
is used to solve the system of nonlinear ordinary differential equa-
tions (ODE) that describe the motion of the blades and the fuselage.
The quasilinearization procedure is a Newton-Raphson-type method
which transforms the problem of solving a system of nonlinear ODE
into that of solving a sequence of systems of linear ODE. The orig-
inal nonlinear coupled rotor-fuselage system is linearized about the
equilibrium position of the previous iteration to obtain the linear
system at any given iteration. The sequence of linear solutions con-
verges to the solution of the original nonlinear system. This solution
yields the equilibrium position of the coupled rotor-fuselage system.

The aeroelastic equations of motion can be written as follows:

FNL(q,<L',W = A(q,q; tfr) +/(?, q\ VO + S(q; tfr) = 0 (1)

where the vectors A, /, and S contain, respectively, the aerodynamic,
inertia, and structural contributions to the equations of motion and
the state vector q is partitioned as

(2)

where the vector qR contains the rotor states and qF contains the
fuselage and dynamic inflow degrees of freedom. The rotor portion
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of the state vector qR is defined as

l 2 / nm *1 *2

9l
Rql -•qR ••• qn

R
 m qRqR . *J *nm-\T-\T

J (3)

in which nm is the number of rotor modes retained and qj
R is the

vector containing the harmonic coefficients of the yth rotor mode
such that

(4)

The size of the vector qj
R depends on the number of harmonics

retained. For example, if two harmonics are retained the vector
has ten elements. The total rotor portion of the state vector qR has
2 * nm * (2 * nharm + 7) elements. The fuselage portion of the state
vector qp is

qF = v w p q r 0 (5)

where u,v, and u> are the fuselage forward, lateral, and vertical
velocities; p, q, and r are the nondimensional roll, pitch, and yaw
rates; 0 and 0 are the Euler pitch and roll attitudes; and X0, A,,, and
Ac are the steady, sine, and cosine portions of the rotor inflow.

Eq. (1) can be expanded using a first-order Taylor series such that

I &FNL I , * * A\ ~brj( f- f )=0 (6)

where k refers to the &th iteration.^ the (juasilinearization proce-
dure. Substituting qk+l for q and q for q, Eq. (6) can be rewritten
in first-order form as

*jfc+l

where

(7)

(8)

(9)

and

a*
di)

The derivative matrices determined in Eqs. (10) and (11) are calcu-
lated using finite difference approximations.

Sensitivity Analysis
This section presents the methodology for the calculation of the

sensitivity of the blade root load vector, hub load vector, and modal
load vector to changes in a generic design parameter p. The deriva-
tion is shown in detail for the inertia load vector. The structural
and aerodynamic load vector sensitivities are constructed in a sim-
ilar manner. A complete description of all vectors and matrices is
presented in Ref. 12.

Sensitivity of the Blade Root Loads
The total inertia load vector of the mth blade at the blade root (in

the rotating frame) is given by

= f
Jo

Pxl

Pyi

Pzl
qxi + v,xqyl + w

v,x qxi + qyi - v,x
w,x qxi + qzi

(12)

in which the integrand contains the components of the distributed
inertia force and moment vectors/?/ = px\ex + pyjey + pziez and
ql = qxlex+qyiey + qzi^ along the axes of a rotating, undeformed
blade coordinate system, as shown in Fig. 1. The terms v,x and w,x
are the lag and flap bending slopes. The inertia force and moment
vectors for the mth blade are, respectively, F™ and MJ1.

The sensitivity of the blade root inertia vector P™ to changes
in the generic design parameter p is determined using chain rule
differentiation such that:

dp

The vector d\ is the sensitivity of the blade root inertia loads
to changes in p for fixed normal modes and equilibrium position.
This vector can be calculated in a simple and inexpensive way if
an implicit formulation of the aeroelastic problem is used. Using
Eq. (12) the vector d\ is given by

dpx,
dp

3fr/
dp

dp
dqy,
dp

—— —— ~dp dp

"•-T^dp

dp

*~dp~

Tdp

dF^
~dp~
dFJj_

9P
m

~df~
dM*

(14)

Consider now, for example, the derivative Sp,,/ /3/>. The inertia force
component py/ is given by13

pyi = — + 022X0 + 023X1 + 024X1 sin#<j) (15)

in which the as depend on parameters such as blade geometry, elas-
tic deformations, and angular velocity, and are calculated at vari-
ous blade stations and azimuth angles as required by the solution
process. The total geometric pitch angle &c is defined as 6a = do



2340 SPENCE AND CELI: ROTARY-WING AEROMECHANICAL PROBLEMS

Fig. 1 Blade undeformed and deformed coordinate systems.

+0\c cos ijs + 0\s sin ty + 0B, with 0B being the built-in twist. Thus,
if the design parameter p is the mass m or the offset ;c/ then the
sensitivities are given, respectively, by

= —(021 + 022*0 + 023*7 COS 0G + fl24*/ SHl 0G) (16)dm

= m (a23 cos 0G + 024 sin 0G) (17)

Almost all of the computational effort in the calculation of the iner-
tia loads goes into the calculation of the coefficients ai;. Therefore,
comparing Eqs. (16) and (17) with Eq. (15) it becomes clear that the
sensitivities of the inertia loads contained in the vector d\ can be cal-
culated with negligible additional cost for several design parameters
of practical interest. The comparison also suggests that modifica-
tions of the mathematical model can be carried out with a modest
implementation effort. For example, changes in the geometry or
kinematic modeling of the blade would be reflected in the a^ coef-
ficients only. Therefore, once the procedure to calculate the 0/,-s is
appropriately changed to carry out the baseline aeroelastic analysis,
no further changes would be required to calculate the sensitivities.

The coefficients a/y implicitly depend on other configuration pa-
rameters that could also be used as design variables. These include
blade hinge offset, precone, and sweep, and mast height and orien-
tation. The sensitivities with respect to this set of design parameters
require the derivatives of the ay coefficients. For example, the sen-
sitivity of pyi to the precone angle ($p would be given by

9022 9023

(18)
The derivatives of the a\j coefficients can be obtained through chain
rule differentiation of the expressions that are combined numerically
to make up the nodal inertia vector.

The vectors d2 and */3 in Eq. (13) represent the sensitivity of
the steady-state response of the blade to the design parameter p.
These vectors can be calculated by perturbing the solution of the
coupled rotor-fuselage trim problem, as follows. The state vector q
corresponding to the steady-state periodic response of the blade in
trimmed conditions is represented as

+ qns sinner) (19)
n=l

The constant vectors #o, qnc-> and qns are included in the unknowns
of the trim problem and are provided as part of the solution. The size
of each of these 2N + 1 vectors is equal to the number of normal
modes used in the modal coordinate transformation.

Then the sensitivity vector d^ can be written as

= d, = ^ + £(^cos ^ \
dp dp ^ \ dp dp )

A similar expression can be obtained for the vector d2. The deriva-
tives in Eq. (20) can be obtained using finite difference approxima-
tions. For example,

dp
q0(p + Ap) - qQ(p)

Ap
(21)

where Ap is a small increment of the design parameter /?, and the
notation q0(p) emphasizes the dependence of the vector q0 on p.

The coupled rotor-fuselage trim problem consists of a set of non-
linear algebraic equations that, in the implementation of this model,
are solved numerically using a quasi-Newton method. The solu-
tion process begins by generating an initial approximation to the
Jacobian using a finite difference scheme. This approximation is
then improved at each iteration using secant, rank-one updates, un-
til convergence is reached. The calculation of the initial Jacobian is
typically the most computationally expensive portion of the solution
process, but it is not required for the solution of the perturbed prob-
lem, needed in Eq. (21). In fact, the secant approximation obtained
at the end of the baseline trim solution can be used as a very good
initial approximation in the solution of each of the perturbed trim
problems. It is important to carry out the baseline trim solution to
convergence. In fact, if the trim iterations are stopped prematurely,
the perturbed solution may contain not only the changes caused by
the perturbations of the design variable, but also unwanted changes
due to the iterations left over from the unconverged baseline trim
solution. Therefore the cost of determining the sensitivity of the trim
solution with respect to each of the design parameters is a small frac-
tion of the cost of solving the baseline trim problem which, in turn,
is typically no more than 10-20% of the total cost of an aeroelastic
stability and response analysis.

Finally, the matrices D2 and D3 in Eq. (13) represent the sensi-
tivities of the blade root inertia loads with respect to the general-
ized coordinate vectors q and q. The calculation of these matrices
would probably be the most time consuming portion of the sensi-
tivity calculations, but when a quasilinearization solution procedure
is used these matrices are already calculated as part of the solution
process, and are available for the sensitivity calculation at no addi-
tional computational cost. The quasilinearization process uses the
derivative matrices in Eqs. (10) and (11) which are determined from
finite difference approximations. In order to determine [3I/dq]k,
the inertia loads at each spanwise integration point are first calcu-
lated. It is then simple to extract the derivative vector D2 before
the spanwise inertia loads are transformed to modal inertia loads.
No additional computations are required for the calculation of this
portion of the sensitivities.

Sensitivity of the Hub Loads
Focusing, as in the previous sections, on the inertia loads, the

resultant inertia hub force and moment vectors are defined in terms
of their components along a system of hub-fixed, nonrotating axes,
as shown in Fig. 2:

FxIiNR + FyJNR + FzIkNR

MxIiNR + Afyj/NR + MZ/A;NR

(22)

(23)

The inertia hub loads in the fixed frame can be written in terms of
the blade root inertia loads as follows:

- cos

-E

0"
0

-1

0"
0

(24)

(25)

where m refers to the rath blade in the rotating frame, and the nota-
tion showing the dependence on the generalized coordinate vector
q has been omitted.
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Fig. 2 Blade nonrotating, rotating, and preconed coordinate systems.

The sensitivity of the nonrotating inertia hub forces and moments
to changes in the design parameter p is given by

dF/

dM/
30 dp 30 dp ( )

The vectors d2 and </3 in Eqs. (26) and (27) are identical to the
vectors d2 and */3 in Eq. (13).

The sensitivity vectors d4 and d$ can be obtained from the root
load sensitivities. For example, the third element 8 Fz/ (\lr)/dp of the
vector </4 is given by

(28)

where P% (ty) is the third component of the vector PJ* G0r) in Eq. (12)
and the partial derivative dF",(\/r)/dp is the third element of the
vector d\ in Eq. (14).

Finally, matrices D$,Dn,D5, and Dg are built from the rotating
blade matrices using the fixed frame coordinate transformation. For
example, the matrix £>4 is

30

"- COS ^m Sin l/On 0"

sin V^m cos f m 0
0 0 - 1

dq
(29)

The matrices Di,D5, and D6 are built in a similar fashion.

Sensitivity of the Modal Load Vector
The derivation of the sensitivity of the modal load vectors is

conceptually very similar to that of the blade root and hub loads
described in the previous sections. The computer implementations
of the respective calculations share a large portion of the coding. This
section will focus again on the treatment of the inertia loads. The
modal load vector is obtained by carrying out a modal coordinate
transformation on the individual blade element load vectors, and
then assembling the transformed load vectors. For example, the
modal inertia load vector / for the blade is given by

(30)

in which 4>/ is the portion of the normal mode matrix corresponding
to the /th finite element, andP/j is the vector of nodal inertia loads for

the / th.element. The summation extends to all the ne finite elements
used to model the blade.

The sensitivity of the modal inertia vector to changes in a design
parameter p is given by

+*/ • + 8/W)

I>8

— +
dp ^

aiw)
dq

dq
dp (3D

(The notation indicating the dependency of the nodal load vector
JP// on the generalized coordinate vectors q and q, has been dropped
for simplicity.)

The matrix D7 in Eq. (31) is the sensitivity of the matrix of eigen-
vectors, or normal modes, to the design parameter p. For many
typical rotary-wing aeroelasticity problems, the calculation of the
natural frequencies and mode shapes of the blade represents only a
very small fraction of the overall computational effort. Therefore it
is convenient to calculate D7 numerically, using finite difference ap-
proximations.

The vector d6 in Eq. (31) is the sensitivity of the nodal inertia vec-
tor for the fixed normal modes and steady-state equilibrium position
of the blade. To show this, consider the nodal inertia load vector for
the ith element, which is given by

,/,
'/•• = /

°

(32)

The vectors 7, 77, and (p are vectors of Hermitian interpolation poly-
nomials. The sensitivity vector d& is given by

d6 =

3dp »/>
(33)

The structure of Eq. (33) is very similar to Eq. (14) and the deriva-
tives are calculated in a similar way.

The vectors d2 and d$ in Eq. (31) are identical to the vectors
d2 and d3 in Eq. (13). The matrices Z)8 and D9 in Eq. (13) are
obtained in a fashion quite similar to that of D2 and D3 in Eq. (13)
by reusing quantities that are already available as part of the analysis.
Eqs. (10) and (11) show that the matrices [dl/dq]k and [81/3q]k

are calculated as part of the solution of the aeroelastic stability and
response problem. For example,

(34)

Therefore all the ingredients required to obtain the terms with Z>8
and D9 in Eq. (31) are available from the analysis, and only mod-
est bookkeeping-type modifications to the computer program, and
no additional computations, are required for the calculation of this
portion of the sensitivities.

The sensitivities of the modal load vectors represent an important
building block for the calculation of the sensitivities of the aerome-
chanic stability eigenvalues both in hover and in forward flight.



2342 SPENCE AND CELI: ROTARY-WING AEROMECHANICAL PROBLEMS

0.004

AL
Am

0.002-

o-

-0.002

- I(m+Am) -
Am Am Am = 0.01m

o. xAm = O.lm,

Am = 0.001m

0.002

0 90 180 270 360
Blade azimuth angle (degrees)

Fig. 3 Effect of finite difference step on the numerical calculation of
dl/dm = liniAm->o A//Am for the first flap mode.

Results
The results presented in this section refer to a four-bladed hin-

geless soft-in-plane rotor configuration with fundamental rotating
coupled natural frequencies of 0.71/rev and 1.14/rev in lag and flap,
respectively. The blades have uniform mass and stiffness properties
along the span. The thrust coefficient of the helicopter is CT = 0.005
and the rotor solidity is a = 0.07. The blade has no precone, built-in
twist, or cross-sectional offset from the elastic axis. The rotor blade
chord is c = 0.055/?, the lift curve slope of the airfoil is a = 6.28,
the profile drag coefficient of the airfoil is Cdo = 0.01, and the Lock
number for the baseline case is y =5.0. The typical computer time
required for one coupled trim solution and for an aeromechanic sta-
bility and response analysis are about 3 and 15 min, respectively, on
a Sun SPARCstation 2.

Throughout this section, the sensitivities calculated using the
semianalytical method are compared with those obtained using tra-
ditional finite difference techniques. For example, the sensitivity
dl(p)/dp of the inertia modal vector I(p) can be calculated using
finite difference approximations. If forward differences are used,
one has

d/(p)
dp A/7

(35)

where Ap is a small increment of the design variable p. The trunca-
tion error in Eq. (35) is O [(A/?)2]. It is important that the increment
A/? be small enough that the truncation error be negligible, but not so
small that numerical cancellation problems may occur. Therefore,
numerical experiments were conducted to determine a suitable value
for the increment. Figures 3 and 4 are representative of the results
of this preliminary investigation. They show the values of two com-
ponents of the vector dl(p)/dp as a function of the blade azimuth
angle, for various values of the finite difference step A/?. The design
parameter chosen is the value of the mass per unit span m, assumed
to be constant along the blade. The inertia load vectors correspond-
ing to both the baseline and the perturbed configuration are each
obtained by performing a complete aeroelastic analysis, including
calculation of the natural frequencies and normal modes, and of the
coupled rotor-fuselage trim state. Figure 3 shows the second element
of the sensitivity of the modal load vector which corresponds to the
first flap mode and indicates that finite difference steps of 10% or
1% of the nominal value are small enough to generate accurate val-
ues of the derivatives. It should be noted that the curve representing
a 0.1% step in the design parameter shows a significant deviation
from the 1% and 10% curves, possibly indicating a numerical can-
cellation problem. However, Fig. 4, which shows the component of
the sensitivity vector corresponding to the first lag mode, indicates
that a smaller step size of 0.1% or 1% is needed to provide accurate
estimates of the derivatives. Based on these results, and other results
presented in Ref. 13, a value A/7 = 1 % was selected for all the finite
difference-based calculations of the sensitivities.

Figure 5 shows the comparison of the finite difference approxi-
mation and the semianalytical method outlined in this paper for the
rotating blade loads. The cost of calculating the sensitivity with re-
spect to one design parameter, beyond that of the baseline analysis,
is of one analysis for the finite difference method, and about 5%
of one analysis for the semianalytical method. The finite difference

.AL
Am
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0.000-

-0.001

^ Am =.0.01m

> Am = O.lm

' Am = 0.001m

Am = m
AI _ I(m+Am) -
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0 90 180 270 360
Blade azimuth angle (degrees)

Fig. 4 Effect of finite difference step on the numerical calculation of
dl/dm = liniAm->o A//Am for the first lag mode.

0.1
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-0.2

3q 3m 3q 3m

Semi-analytical \" • .= A 2 + A '

Finite differences

90 180
Blade azimuth angle

270
(degrees)

360

Fig. 5 Sensitivity of the inplane load F™ to the distributed mass m and
comparison with finite difference value; p, = 0.2.

approximation of each sensitivity is determined using a forward
difference method as in Eq. (35) and is denoted by the open circles
in the figure. The results obtained using the semianalytical method
developed in this paper are represented by the solid curve in the
figure and formed by summing the different components of the sen-
sitivities from Eqs. (13), (26), (27), and (31) for the sensitivities of
the blade root loads, the hub shears and moments, and the modal
loads, respectively. For example, Fig. 5 shows the sensitivity of the
rotating blade inertia load in the inplane direction to changes in
mass. Now, Eq. (13) can be written as

dm
3F"(f ) 3Fm(Vr) 3g
—-—— + —-———— +3m 3o 3m 3«? •ai (36)

=A2 =A3

The semianalytical method produces essentially the same results as
the finite difference approximation, as indicated in the figure, but
with a cost that is only slightly higher than one aeroelastic analysis
for each design variable, and that increases much more slowly with
the number of design variables. The components indicated with A2
and A3 can be interpreted as the contributions caused by the changes
in inertia loads and steady-state equilibrium position, respectively.
The figure suggests that the component A2, which can be calculated
for essentially no additional cost for some typical design parameters
[see Eq. (17)], and for a very small cost for others, represents only
part of the contribution to the sensitivity vector. The other compo-
nent A3 representing the contribution of the steady-state equilibrium
position to the sensitivity vector also provides an important part
of the sensitivity. Both components of the semianalytical deriva-
tives are necessary to achieve accurate results. That implies that the
gradients depend as much on the derivative of the inertia loads as
on the effect of the change in mass on the trim condition.

The comparison of the finite difference approximation and the
semianalytical method for the sensitivity of the hub loads to changes
in the distributed mass m is shown in Fig. 6. Figure 6 shows the
sensitivity of the hub load in the y direction (directed toward the
right side). It appears that the primary contribution to the derivative is
from the change in trim condition, that is, an increase of longitudinal
flapping, whereas the direct contribution caused by the change in
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Fig. 6 Sensitivity of the lateral hub load Fyi to the distributed mass m
and comparison with finite difference value; // = 0.2.
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Fig. 7 Sensitivity of the inplane load F™ to the chordwise offset of
the center of mass from the elastic axis xj and comparison with finite
difference value; p, = 0.2.

mass for fixed-blade steady response has a much smaller effect. In
this case, both of the contributions to the semianalytic derivative play
an important role. It is interesting to note that the two contributions
are very close in magnitude and opposite in sign, resulting in a
very small overall sensitivity of the sideward force Fy to changes
in mass. The results presented here, together with other results that
can be found in Ref. 13, indicate that the direct effects of mass
changes on the hub loads generally have a sign opposite to that of
the indirect effects that manifest themselves through changes in the
equilibrium position of the blade. The former tend to increase the
average hub loads, while the latter tend to decrease them. Both need
to be included in the calculations of the semianalytical derivatives.
Although a 4/rev variation is clearly visible in all the plots, the
oscillatory component of the sensitivities is very small, indicating
that changes in blade mass per unit span will mostly affect the
steady values of the hub loads, but will not change the vibratory
loads significantly. (This conclusion, however, is limited to uniform
blades only.) The agreement between the finite difference-based and
the semianalytical derivatives is excellent for all components of the
hub loads.

Figure 7 shows the sensitivity of the rotating in-plane blade inertia
loads to changes in the chordwise offset of the center of mass from
the elastic axis */. Again, both components of the semianalytical
derivative are necessary for accurate prediction of the sensitivity.
The lateral hub load sensitivity is presented in Fig. 8 and shows
that the steady portion of the lateral hub load is more sensitive to
the changes in the trim condition caused by the change in ;c/ than
it is to the changes in the inertial load. However, both components
influence the 4/rev behavior of the sensitivity.

A comparison between the values of the sensitivity dl(p)/dp
of the inertia modal vector I(p) calculated using a finite difference
approximation and the semianalytical method is shown in Figs. 9
and 10. Figure 9 shows the element of the modal vector correspond-
ing to the first flap mode and indicates that the semianalytic method
produces essentially the same results as the finite difference approx-
imation. The figure also shows the individual components that make
up the sensitivity vector. In this case, the components indicated with
A 2 and A3 are supplemented by AI, which can be interpreted as the
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0.0-

-0.5

-1.0

Semi-analytical
= A2 + A3

_3F,
"3x,

Finite differences

A3 = -y"H +
 aFydq

3q 3\! 3q 3xj

0 90 180 270
Blade azimuth angle (degrees)

360

Fig. 8 Sensitivity of the lateral hub load Fyi to the chordwise offset of
the center of mass from the elastic axis */ and comparison with finite
difference value; p, = 0.2.
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Fig. 9 Component of the sensitivity of the modal load vector, to the
distributed mass m, corresponding to the first flap mode.
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Fig. 10 Component of the sensitivity of the modal load vector, to the
distributed mass m, corresponding to the first lag mode.

contribution caused by the changes in the normal modes. The fig-
ure suggests that the components A2 and A3 represent the largest
contributions to the sensitivity vector. The normal mode changes
represent a negligible addition to the sensitivity vector. The element
of the modal vector corresponding to the first lag mode is presented
in Fig. 10. The semianalytical method again estimates the sensitiv-
ity derivative very well. The contribution caused by changes in the
normal modes is still small, but is now of a size comparable to the
other contributions, and therefore should not be neglected.

Figures 11 and 12 show the sensitivities of the modal structural
loads to changes in the blade flap bending stiffness EI2. Although
the direct effect of the change in flap stiffness on the modal flap
loads is seen in the shape of the curve in Fig. 11, the components
containing the effects of the mode shape change and trim change
permit the accurate prediction of the total derivative. A different
conclusion is drawn regarding the effect of the flap stiffness change
on the modal lag loads as shown in Fig. 12. In this case, the change
in mode shape has very little effect on the total derivative, indicating
that the structural lag loads can be accurately predicted by including



2344 SPENCE AND CELI: ROTARY-WING AEROMECHANICAL PROBLEMS

-0.20
90 180 270

Blade azimuth angle (degrees)
360

Fig. 11 Component of the sensitivity of the modal load vector, to the
flap stiffness £/2, corresponding to the first flap mode.
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Fig. 12 Component of the sensitivity of the modal load vector, to the
flap stiffness £72, corresponding to the first lag mode.

only the effects of the change in trim condition and the direct effects
of the flap stiffness on the lag loads.

Conclusions
An efficient sensitivity analysis for rotary-wing aeromechanical

problems has been developed. By exploiting the features of the im-
plicit formulation of the elastic blade equations and the quasilin-
earization solution technique, the sensitivities of the modal, blade
and hub inertia loads, and riiodal structural loads to changes in mass,
center of mass offset, and flap bending stiffness can be efficiently
determined. Examining the various components of the expression
for the sensitivities, obtained through chain rule differentiation, re-
veals that the terms that are most expensive to obtain are already
calculated as part of the basic analysis. Furthermore, it is relatively
easy to update or modify the underlying mathematical model of the
aircraft, because most of the changes that would then be required
in the semianalytical sensitivities are already available once the ba-
sic analysis has been updated. The results of this study indicate
that:

1) The semianalytical method dramatically reduces the required
computational effort while producing results that are in excellent

agreement with those generated using finite difference approxima-
tions.

2) Changes in mass and chordwise position of the center of mass
affect rotor loads both directly, that is, through changes in the dis-
tributed forces and moments for fixed steady-state equilibrium posi-
tion, and indirectly, through changes in the periodic response of the
blades and in the trim conditions of the helicopter. Therefore, both
types of effects need to be taken into account. This conclusion ap-
plies to both blade root loads in the rotating system, and hub loads
in the fixed system. Changes in normal modes can be neglected,
however, at least for uniform blades.
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